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C E N T R A L L Y  SYMMETRIC C O N V E X  BODIES 
A N D  D ISTR IBU TI ONS II 

BY 

W O L F G A N G  W E I L  

ABSTRACT 

In c o n t i n u a t i o n  of a p r e v i o u s  w o r k  we s tudy  the  g e n e r a t i n g  d i s t r i b u t i o n s  of  

cen t r a l ly  s y m m e t r i c  c o n v e x  bod ie s  a n d  o b t a i n  s o m e  m o r e  g e o m e t r i c  f o r m u l a s  

a n d  n e w  c h a r a c t e r i z a t i o n s  of  z o n o i d s  a n d  g e n e r a l i z e d  zono ids .  

Introduction 

This is a cont inuat ion of the article [11], where we had assigned an even 

distribution T~:, the so-called generating distribution, to each centrally symmetr ic  

convex body K in E e (d > 2). Moreover ,  in [11] we s tudied the behaviour  of 

these distributions, found formulas  for their connect ion with the geometr ic  

propert ies  of K, and derived a character izat ion of zonoids.  

In section 2 of this paper  we shall establish some results concerning the 

project ion functions of K. Using a result of [12] on surface area measures,  we 

will generalize in section 3 our  character izat ion of zonoids.  In a similar way we 

derive a character izat ion of general ized zonoids  (as defined in [10]). We start 

with some remarks  concerning [11]. 

Symbols  and notat ions are taken f rom [11] and the results of [11] are 

presupposed.  

1. R e m a r k s  on [11] 

As P. R. G o o d e y  pointed out  to me, there is a shor ter  proof  of t heo rem 5.2 in 

[11]. One  direction follows f rom theorem 5.1, the o ther  f rom the fact that the 

line segment  s with endpoints  u and - u, u ~ lI,  is a zonoid  and 

dV(L,,. .  L,,s), i = 1 , 2 .  v(L, ,u)=-~ ., 
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Secondly, by a misprint and an uncomplete proof, theorem 4.5 as it stands is 

not correct. The restriction T [A of the distribution T to the open set A is an 

element of ~ ' ( A  ), not of @'(fl). But then, in the formulation of the theorem, it is 

not clear whether and how 

r,,  

is defined. We therefore state theorem 4.5 in a slightiy different form, for which 

the proof given in [11] is correct and which preserves the essential idea. 

THEOREM 1.1. Let K ~ ~f and let A C Ft be an open, connected subset. For 

any K'  ~ ~ with Tr IA l = TK'IA~ there exists a v E E d such that 

HK(U) = HK.(U)+ (u, V) 

for all u ~ A.  

If TK = ps: ~ ~(1~), the original version of theorem 4.5 is correct, because the 

restriction pK IA • is again in M(~).  However,  in this case, we can give a short 

proof by putting 

v = 2 f xpK(dx),  
J A  

where 

A * = { x E l ' ~ \ A l l ( x , u ) > O  for all u ~ A } .  

Finally, two minor corrections should be mentioned. On pp. 364-366 the index 

n appears several times and should be replaced by d. In the formula 

V ( K , L , ' " , L ) = -  d gK(u)t-td ,(L; du)  

used in the proofs of theorem 5.1 and theorem 5.2 the factor 1/d had been 

omitted. 

There are some additional references to be mentioned which are not cited in 

[10] or [11]. Lindquist gave in [4] the proof of a result, announced in his paper 

cited in [10]. In [5] he gives a partial solution to the problem of characterizing the 

set of generating measures of generalized zonoids. His solution is different from 

the one we gave in [10]. Moreover,  in [5] a formula for the mixed volume is 

obtained which is just our theorem 4 in [10]. Matheron [6] studied zonoids in 

connection with random set theory and Poisson networks. He derived formulas 
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for the projection functions, the quermassintegrals, and other special mixed 

volumes. Some of the formulas coincide with those found in [10], others are 

generalized in the next section. With a recent paper of Goodey [3] we are 

concerned in the last section. 

2. Projection formulas 

For the following we have to introduce additional notations. 

Let j E {1, • •., d - 1} and let u~,- - -, ud-~ E f t  be linearly independent. Then, 

let E ( u l , . . . , u ~ _ ~ )  be the ( d - j ) - d i m e n s i o n a l  subspace of E ~ spanned by 

u, , .  •., ud j, and let E~(u~, • •., ud-j) be the orthogonal space. For convex bodies 

K , , . . . ,  K~ let v ( K ~ , . . . ,  Ki; u , , . . . ,  ue i) be the j-dimensional mixed volume of 

the projection of K , , . . . ,  Kj on to  E*(Ul, "" ", Ud j). v ( K , , "  ", Kj; u , "  ", ud_j) is 

the mixed projection function studied in [9]. 

For two j-spaces E, F C E ~ let [ E, F[ be the absolute value of the determinant 

of the projection from E onto F. We have I E, F I = IF, E I = I E~,  F~ I. 

Expressions like v ( K , , .  •., K~; u , , . . . ,  u~_,) or I F, E(u~," •., ud j)] etc. are 

defined to be zero for linearly dependent ( d -  j)-tuples ( u h "  ", ud i). 

We start with an auxiliary result which is easy to prove. 

PROPOSITION 2.1. We have 

D,~(x , , "  ", xd) = D~(x, , '"  ", xi)Dd_j(xi+,, '" ", xd)" 

I E ( x , , . . . ,  x;), E•(x,+~, . .  ., x,,)J. 

Next we will show how the generating distributions and the mixed volumes of 

projections are connected. 

THEOREM 2.2. F o r j ~ { 1 , . . . , d - 1 } , K ~ , . . . , K j E Y { a n d u l , . . ' , u d _ ~ E f ~ w e  

have 

v ( K , . . . ,  K, ; u , , . . . ,  ud ~) 

")1 

=~(TK,®..-® T~,)(Dj "IE(. ," ' , . ) ,E (u,,...,ud ~)t). 

PROOF. It is obviously sufficient to prove the theorem for K~ . . . . .  K, = K 

and K a generalized zonoid. The general case follows then by approximation 

(compare the remark on p. 361 of [11]) and by multilinearity of the mixed 

volume on the left side and of the tensor product on the right side of the above 

formula. 
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Thus, 

H K ( u ) =  fa  I ( x , u ) l p K ( d x ) ,  u E . E " ,  

and (see [1], p. 46, and [2], p. 19), for linearly independent u , , . . . ,  ua-i 

v ( K , . . . , K ; u , , . . ,  ua_ j )= ( d d - j )  V ( K , ' " , K ,  B a - ~ , " ' , B a - I )  

J J d [ j  

where Ba-j  is the ( d -  j)-dimensional unit ball in E ( u l , . .  ", ua j). 

It follows from theorem 4.2 in [11] and Proposition 2.1 that 

v ( K , "  " , K ;  u , , ' "  ", ua-j)  

J 

2 Io = Ka-j "d--~. " '"  D a ( x , , " ' , x a ) o K ( d x , ) ' " p K ( d x i ) .  

" OB~ , ( d x , + , ) "  " OB~_,(dxd) 

2 d 

Da-j(xi+,,"" ", xd)" ] E ( x j + , , ' "  ", xd), E ± ( x , ,  "" ", x~)l" 

" pB~ , ( d x j + , ) "  " Os~ , (dxa ) ]  " D i ( x , ,  " " ", x~)pK(dx , )"  " " pK(dxj ) .  

Here we have used that pB,_j is concentrated on f~ VI E ( u ~ , . . . ,  ua-j) .  

Because of 

[ E ( x , + , , . . . ,  x~), Ei(x , ,  .. ., x,)[ = I S ( x , "  , x,), E ± ( u , , . . . ,  u~-,)l  

for all linearly independent Xj+l, • • ", xa ~ 1"1 N E ( u l ,  • • ", ua-~) and 

fonE,o,, .,_,, 
(d - j )~  

• pB , ,_ , (dx j .O ' ' ' pB , ,  , (dxa)  = 2a_i " Ka-i 

we obtain 

v ( K , "  • ", K ;  u , "  " ", ua j) 

J 

= 2 : £  . . . J ,  D , ( x , , . . . , x , ) l E ( x l , . . .  x , ) , E l ( u ,  . . . , u d _ , ) , .  

• p ~ ( d X l ) ' ' "  p~(dx i ) .  Q.E.D, 
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As a consequence, Theorem 2.2 implies 

THEOREM 2.3. For j E {1, . . ", d - 1 }  and K~, . . . ,Ka E Yg we have 

V ( K , , . .  . ,Kd)  = ( T ~ , + , Q "  . Q  T K , ) ( v ( K , , . - . , K j ;  . , . .  ",.)" Dd-j).  

PROOF. Using Theorem 2.2, Proposition 2.1 and theorem 4.2 of [11], we get 

2 d 
V ( K , , . . . ,  Ka) = -~.(TK, ~ . . .  ~ TK~)(Dd) 

2 d-'j ! [ 2' 
= d! (TK,.,(~'"@T~,),x,., .-.xd, L ~ D a ' ( X ' + " ' ' " x a ) "  

(TK, ( ~ ' ' "  ~) TK,)(D," [ E( . , . . - , . ) ,  E~-(x,+,, . .  ", xa)l)] 

2 d-,] ! 
= d! ( T K ' + ' @ ' " ~ T K d ) ( D a - ' ' v ( K " ' ' " K i ; " " ' " ) ) "  

Q.E.D. 

For zonoids, Theorems 2.2 and 2.3 have been proved with a slightly different 

method by Matheron ([6], p. 103). 

For later use we put 

vk(K;  u l , ' ' ' , U d  j )=  v ( K , " ' , K , B , " ' , B ; u l , ' " , u d  j) 

k j - k  

where j ~ { 1 , . - . , d - 1 }  and k C{0,- . - , j} .  

3. Zonoids and generalized zonoids 

In theorem 5.1 of [11] we characterized zonoids in the set ~( by inequalities 

between mixed volumes. Recently Goodey [3] proved the following more 

general version of theorem 5.1 and a similar characterization of generalized 

zonoids. 

(3.1) A convex body K is a zonoid if and only if 

V (K ,  L , , . . . ,  L 0 <= V(K ,  L 2 , . . . , L 2 )  

for all convex bodies L ,, L ~ which fulfill v ( L1, u ) <= v ( L 2, u)  for all u ~ l). 

(3.2) A convex body K is a generalized zonoid if and only if 
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I V(K,L , , . "  " ,LI) -  V(K, L2, ' .  ",L2)I<= c (K) ' sup lv (L , ,  u ) -  v(L2, u) I 
u E ~  

for all convex bodies L ~, L2 with a suitable constant c (K) independent of L ~, L2. 

The symmetry of K which is not assumed in both statements is a consequence 

of the following fact. 

(3.3) A convex body K is centrally symmetric if and only if 

V ( K , L , . . . ,  L) = V ( K , L * , . . . ,  L*) 

for all convex bodies L. 

Here L * = { x l - x ~ L } .  

(3.3) is a special case of a proposition of Schneider ([7], pp. 226-227). 

The one direction of (3.1) and (3.2) follows as in the proof of theorem 5.1 in 

[11]. The converse of (3.1) is a consequence of (3.3) and our theorem 5.1 in [11]. 

In the proof  of the latter we used a well-known property of distributions, 

namely, 

T~ E Jd ÷(f~) if and only if TK (f) >= 0 for all f @ ~ (fl), f _-> 0, 

and the fact that for each f E ~ ( f ~ )  there exist L , , L ~ {  with f ( u ) =  

v(L2, u ) - v ( L ~ , u ) , u E ~ .  This follows because of ~ ( f l ) C ~ ' ( f l )  and ~ * - 1 -  

~*_.  = M(f~), where St* ~ is the set of (d - 1)-th order surface area measures of 

bodies K ~ 9'/. 

The converse of (3.2) could be proved analogously because of the following 

property of distributions ([8], p. 25): 

TK E JJ(l~) if and only if ] TK(f)l <= c(K)sup I f (u )l 
u ~ N  

for all f E ~(fl).  

In order  to obtain the announced generalizations we replace the mixed 

volumes V(K, L , .  • . ,  L,) by 

V ( K , L , , . . . , L , , B , . . . , B )  

j d - l - j  

and the projection functions v(L,, u) = v,_~(L,; u) by vj(L,; u), j E {1, . - - ,  

d - 1 } .  Therefore,  instead of 9~*_,, the corresponding set 9 ~* of j - th order  

surface area measures of bodies K ~ ~ must be considered. But for Se* with 

j < d - 1 it is no longer true that Se* - 9 0* = 3/~(fl) (see [12]). Nevertheless, we 

can accomplish the proofs by using the following result of [12]: 
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(3.4) 9°* - ~'~ is dense in JJ([l). 

We start with the following general izat ion of (3.3). 

PROPOSITION 3.5. Let j ~ { 1 , . " , d - 1 } ,  k E { 1 , - . . , d - j } ,  and let K be a 

convex body of dimension at least j + 1 if j > 1 and arbitrary if j = 1. Then K is 

centrally symmetric if and only if 

V ( K , . . . , K ,  L , . . . , L , B , . . . , B ) =  V ( K , . . . , K , L * , . . . , L * , B , . . . , B )  

j k d - k - j  j k d - k - j  

for all convex bodies L. 

PROOF. If K is centrally symmetric ,  the assertion is obvious.  

The  converse  is again a special case of the proposi t ion of Schneider  [7] if 

k = 1. The  general  case could be easily reduced to the case k = 1 in the following 

way. 

F rom 

V ( K , . . . , K ,  L , . . . , L ,  B , . . . , B ) =  V ( K , . . . , K , L * , - . . , L * ,  B , . . . , B )  

j k d - k  - j  j k d - k - j  

for all L, especially for L = a M  + B, a >-_ O, where M is a convex body,  we get 

, . . , K , M , . .  , M , B ,  . . ,  
i = O  1 • ,' ~ .  I 

j i d - i - j  

M,, ,M,, 
i = 0  I L Y j 

j i d - i - j  

for all a ~ 0 and all M. Hence ,  

V ( K , . . . , K ,  M , . . . , M ,  B , . . . , B ) =  V ( K , . . . , K ,  M*,  

j i d - i - j  j 

for all i ~ {0, • •., k } and all M. 

Next,  we prove  a more  general  character izat ion of zonoids.  

THEOREM 3.6. 

if and only if 

. . . , M * , B , - . . , B )  
/ 

i d - i - ]  

Q.E .D.  

Let j E {1,- •., d - 1} and let K be a convex body. K is a zonoid 
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V(K,L, , . . . ,L~,  B,...,B)<= V(K, L2,.. ",L2, ~ , . . . , B )  

j d - l - j  j d - l - j  

for all convex bodies L,, L2 which fulfill vj(L~; u)<= vj(L2; u) for all u ~ 1]. 

PROOF. Suppose, first, that K is a zonoid and belongs to ~,  that is 

HK(U) = f I(x, u)lp~:(dx), OK E./~.(~). 
J~ 

Then, by Theorem 2.3, we have for i = 1, 2 

V ( K , L ~ , ,  ~ ) - - =  ~- v,(L,; u)p~(du). 

j d - l - j  

Therefore, vi(L,; u)<= vi(L2; u) for all u E l i  implies 

V(K,L~, . . . ,L, ,  B,...,B)<= V(K, L2,.. ",L2, B , . . . ,B) .  

j d - l - j  j d - l - j  

On the other hand, suppose this inequality is valid for all L1, L2 with 

vj(L~; .)<= vj(L2;.). Then, because of v j (L ; . )=  vj(L*; .), we get 

V(K,L,...,L, B,." ",B)= V(K,L*,.. ",L*, B,.. ",B) 

j d - l - j  J d - l - i  

for all L, from which the symmetry of K follows by Proposition 3.5. After a 

translation, K belongs to 5g, hence TK exists and is in .~t+(ll) if T~,(f) => 0 for all 

f ~  ~ ( ~ ) ,  f__> 0. 
But 9 o* -9O* is dense in d,t(l~) ((3.4)), thus 

is dense in ~(II), which implies that 

{v;(L2; . ) -  v;(L~; .)[ L,, L2 E 5~} A ~(~)  

is dense in ~(f~). Therefore TK --> 0 if Tx(vj(L2; .)) =< T~:(vj(L2; .)) for L,, Lz E 9/" 

with vj(L, ;.) E ~ ( ~ )  and vj(L,; .) <= vj(L2; .). But 
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d V ( K , L , , . .  L , , B , . .  B) TK (v~ (L, ; .)) = ~ ., ., 

j d - l - j  

(Theorem 2.3) and the theorem is proved. Q.E.D. 

The following theorem gives the corresponding characterization of general- 

ized zonoids. 

THEOREM 3.7. Let j ,E { 1 , . . . , d - 1 }  and let K be a convex body. K is a 
generalized zonoid if and only if 

I V(K, L 1 , ' " , L , , B , " ' , B ) - V ( K ,  L2 , " ' ,L2 ,  B , " ' , B ) !  

j d - l - j  j d - l - j  

<= c(K) . sup /vj(L,; u ) -  vi(L2; u) I 
u E l ~  

for all convex bodies L,, L2 with a suitable constant c (K) independent of L1, L2. 

PROOF. 

have 

The proof is similar to that of Theorem 3.6. For one direction, we 

j d - l - j  j d - l - j  

=2 [ fo (v,(L,; u)-v,(L2; u))P,,(du) I d 

--<~[[oK II soupt v,(g,; u)- v,(L2; u)l. 

For the converse we observe the already mentioned fact, that TK ~ Jd(fl) if 

I TK (f)] =< c (K) sup, ~n ]f(u)l for all f E ~ (f~). Q.E.D. 
In view of Theorem 2.3 one might guess that a more general characterization 

of zonoids is'possible, perhaps as bodies K which have the following property 

~0', k). 

~(/ ,  k): For j ~ { 1 , . . . , d - 1 }  and k ~ { 1 , . . . , d - j }  we have 

V ( K , . . - , K ,  L , , - . . , L , ,  B , - . . , B ) =  < V ( K , . . . , K ,  Lz , . . . ,Lz ,  B , . . . , B )  

j k d - k - j  j k d - k - j  

for all L1, L2 with vk (L1; u , , . - - ,  u j ) -  v~ (L2; u,, . . ., uj) for all u 1,'" ", uj @ ~. 
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Property ~(1,  k) characterizes zonoids by Theorem 3.7, but property ~ ( d  - 

1, 1) obviously characterizes the set of centrally symmetric convex bodies in the 

set of convex bodies of dimension d. Furthermore,  each zonoid K has property 

~(/', k) for arbitrary j, k, because of (Theorem 2.3) 

V(K,.. . ,K, L,,'..,L,, B, . . . ,B)  

j k d - k - j  

• pK(du,)"" pK(du~), i = 1,2. 

On the other hand, each K which has property ~( j ,  k) and dimension at least 

j + 1 is centrally symmetric in view of Proposition 3.5. 

Hence, property ~(j ,  k) characterizes a class of convex bodies between the 

class of zonoids and the class of centrally symmetric bodies; a class which, as we 

conjecture, should be independent of k. It would be of interest to find another  

characterization of these bodies for j E {2, • •., d - 2}. 

For an interpretation of such problems in terms of orderings on the set of 

convex bodies see the remarks in [11], pp. 365-366. 
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